The classical global and weak dimensions of rings have a great impact on ring theory. In this paper, we investigate the global Gorenstein homological dimensions. We generalize some classical results. Namely, we prove that the global Gorenstein projective dimension of a ring R is equal to the global Gorenstein injective dimension of R, and that the Gorenstein weak dimension is smaller than the common value of the terms of this equality.
Introduction
Throughout this paper, R denotes a non-trivial associative ring with identity, and all modules are, if not specified otherwise, left R-modules. For an R-module M , we use pd R (M ), id R (M ), and fd R (M ) to denote, respectively, the classical projective, injective, and flat dimension of M . By l.gldim(R) and r.gldim(R) we note, respectively, the classical left and right global dimension of R. By wdim(R) we note the weak dimension of R. Furthermore, we use Gpd R (M ), Gid R (M ), and Gfd R (M ) to denote, respectively, the Gorenstein projective, injective, and flat dimension of M (for the appropriate background of the Gorenstein dimensions, we refer the reader to [3, 4, 7] ).
In this paper, we are concerned with the study of the Gorenstein homological dimensions of associative rings, which are canonically defined as follows:
• The left global Gorenstein projective dimension of R is: l.GPD(R) = sup{Gpd R (M ) | M is an R−module}. • The left global Gorenstein injective dimension of R is:
One can define right global Gorenstein dimensions in similar way.
The majority of researches done in Gorenstein homological algebra are influenced by the ones existed in the classical homological algebra and proved that there is a strong similarity between them. In this direction we investigate the global Gorenstein dimensions. Our first main purpose is to generalize the classical result [10, Theorem 9.10] ; that is, the left global dimension of a ring R is precisely the common value of the two equal quantities sup{pd R (M ) | M is an R−module} and sup{id R (M ) | M is an R − module}. From [4, Theorem 12.3.1], we have already the desired equality for a two-sided Noetherian ring R: l.GPD(R) = l.GID(R). In this paper, using completely different methods, we generalize this equality to any associative ring R (Theorem 2.1). So, according to the terminology of the classical theory of homological dimensions of rings, the common value of l.GPD(R) and l.GID(R) will be called left Gorenstein global dimension of R, and denoted by l.Ggldim(R). Similarly we define the right Gorenstein global dimension of R, which is denoted by r.Ggldim(R). The second main result generalizes the classical result [10, Theorem 9.16]; that is, wdim(R) ≤ sup{l.gldim(R), r.gldim(R)}. Namely, we prove Theorem 2.11:
Theorem. For any ring R, l.Gwdim(R) ≤ sup{l.Ggldim(R), r.Ggldim(R)} and r.Gwdim(R) ≤ sup{l.Ggldim(R), r.Ggldim(R)}.
Finally, the relations between the global Gorenstein dimensions and the classical global dimensions are investigated in Proposition 2.12.
Main results
We begin with the first main result, which generalizes the classical result [10, Theorem 9.10]. The proof would use the following results. We need the following characterization of the left global Gorenstein projective dimension.
Lemma 2.2. If l.GPD(R) < ∞, then, for a positive integer n, the following are equivalent:
(1) l.GPD(R) ≤ n;
(2) Gpd R (M ) ≤ n for every finitely generated R-module M ; Dually we get the following characterization of the left global Gorenstein injective dimension. Lemma 2.3. If l.GID(R) < ∞, then, for a positive integer n, the following are equivalent:
(1) l.GID(R) ≤ n;
The following result of Holm is a also used in the proof of Theorem 2.1.
Also, we need the notion of strongly Gorenstein projective and injective modules, which are defined as follows: 
such that M ∼ = Ker f and such that Hom(−, Q) leaves the sequence P exact whenever Q is a projective module.
The strongly Gorenstein injective modules are defined dually.
The principal role of these modules is to characterize the Gorenstein projective and injective modules, as follows * : Lemma 2.6 ([1], Theorems 2.7). A module is Gorenstein projective (resp., injective) if and only if it is a direct summand of a strongly Gorenstein projective (resp., injective) module.
The strongly Gorenstein projective module and the strongly Gorenstein injective module have the following characterization which generalizes [1, Proposition 2.9]. Lemma 2.7.
(1) A module M is strongly Gorenstein projective if and only if there exists a short exact sequence 0 → M → P → M → 0, where P is a projective module, and Ext i (M, Q) = 0 for some integer i > 0 and for every module Q with finite projective dimension (or for every projective module Q). Proof. It suffices to prove the first assertion, and the second one has a dual argument.
Note that if we have a short exact sequence 0 → M → P → M → 0, where P is a projective module, then, for every i > 0 and every module L, we have the long exact sequence:
This means that Ext i (M, L) ∼ = Ext i+1 (M, L) for every i > 0 and every module L. Therefore, using standard arguments, this remark suffices to prove the desired equivalence.
Proof of Theorem 2.1. To prove the equality, it is equivalent to prove the following equivalence for a positive integer n:
We only prove the implication l.GPD(R) ≤ n ⇒ l.GID(R) ≤ n, and the converse one has a dual proof. First, we argue that Gid(L) ≤ n for every strongly Gorenstein projective R-module L. From Lemma 2.7, there exists a short exact sequence 0 → L → P → L → 0, where P is projective. From the dual version of Horseshoe Lemma (see the remark below [10, Lemma 6.20]), with an injective resolution of L, we have the following * In [1] the base ring is assumed to be commutative. However, for the result needed here, one can show easily that this assumption is not necessary.
commutative diagram:
where I i is injective for i = 0, ..., n − 1. Since P is projective, id(P ) ≤ n (by Lemma 2.2), hence E n is injective. On the other hand, from Lemma 2.4, pd(E) ≤ n for every injective R-module E. Then, Ext i (E, I n ) = 0 for all i ≥ n + 1. Therefore, from Lemma 2.7 (2), I n is strongly Gorenstein injective, and so Gid(L) ≤ n. This implies, from [5, Proposition 2.19 ], that Gid(G) ≤ n for all Gorenstein projective R-modules G, since every Gorenstein projective module is a direct summand of a strongly Gorenstein projective module (Lemma 2.6). Now, consider an R-module M with Gpd(M ) ≤ m ≤ n. We may assume that Gpd(M ) = 0. Then, there exists a short exact sequence 0 → K → N → M → 0 such that N is Gorenstein projective and Gpd(K) ≤ m − 1 [5, Proposition 2.18]. By induction, Gid(K) ≤ n and Gid(N ) ≤ n. Then, using [5, Theorems 2.22 and 2.25] and the long exact sequence of Ext, we get that Gid(M ) ≤ n. Therefore, l.GID(R) ≤ n.
In view of Theorem 2.1, we define the left Gorenstein global dimension of R, denoted by l.Ggldim(R), as the common value of l.GPD(R) and l.GID(R). If we consider right R-module, we may define the right Gorenstein global dimension of R, denoted by r.Ggldim(R). In general, l.Ggldim(R) = r.Ggldim(R) (see Remark 2.13). However, for the case l.Ggldim(R) = 0 and r.Ggldim(R) = 0, we have the following result, which is [2, Theorem 2.2] in non-commutative setting. Recall that a ring is called quasi-Frobenius, if it is left and right Noetherian and left and right self-injective (please see [9] ). Proposition 2.8. For any ring R, the following are equivalent:
(1) R is is quasi-Frobenius;
(2) l.Ggldim(R) = 0;
(3) r.Ggldim(R) = 0. Also, it is important to note that for left and right Noetherian rings, we have the following known result. Recall that, for a positive integer n, a ring R is called n-Gorenstein, if it is left and right Noetherian and if id R ( R R) ≤ n and id R (R R ) ≤ n (please see [4, Section 9.1]). Theorem 2.9 (Theorem 12.3.1, [4] ). If R is left and right Noetherian, then, for a positive integer n, the following are equivalent:
(1) R is is n-Gorenstein;
(2) l.Ggldim(R) ≤ n;
(3) r.Ggldim(R) ≤ n; (4) r.Gwdim(R) ≤ n; (5) l.Gwdim(R) ≤ n.
The following generalizes a result due to Iwanaga (see [4, Proposition 9.1.10]).
Corollary 2.10. If l.Ggldim(R) ≤ n (resp., r.Ggldim(R) ≤ n) for some positive integer n, then the following are equivalent for a left (resp., right) R-module M : Proof. We prove the first inequality, and similarly the second one is proved. The first inequality follows if we prove that every Gorenstein projective (left) Rmodule is Gorenstein flat. From the proof of [5, Proposition 3.4] , it suffices to show that the character module, I * = Hom Z (I, Q/Z), of every injective right R-module I has finite projective dimension. To see that, we may assume that sup{l.Ggldim(R), r.Ggldim(R)} < ∞, and so from Corollary 2.10, fd R (I) < ∞. Then, id R (I * ) < ∞ (from [10, Theorem 3.52]). Therefore, from Corollary 2.10, pd R (I * ) < ∞. Similarly we have a result for right global dimensions.
We conclude the paper with the following remark. 
